Nanophotonics-photonic structures with subwavelength features-allow accessing high intensity and localized electromagnetic field and hence is an ideal platform for investigating and exploiting strong lightmatter interaction. In particular, such a strong light-matter interaction requires investigating the interaction of a magnetic dipole with the electromagnetic field-a less-explored topic, which has usually been ignored within the framework of electric dipole approximation. Motivated by recent advances in the emerging field of multipolar nanophotonics, here we develop an analytical model that provides a new insight into analyzing a magnetic dipole and a nanofiber. This method enables us to examine the effect of second term in the multipolar expansion of light-matter interaction, magnetic dipole approximation, with individual guided and radiation modes of the nanofiber. This is a critical key in developing nanophotonic integrated devices based on magnetic nature of light for super-imaging, biosensing, and optical computing.
Nanophotonics-photonic structures with subwavelength features-allow accessing high intensity and localized electromagnetic field and hence is an ideal platform for investigating and exploiting strong lightmatter interaction. In particular, such a strong light-matter interaction requires investigating the interaction of a magnetic dipole with the electromagnetic field-a less-explored topic, which has usually been ignored within the framework of electric dipole approximation. Motivated by recent advances in the emerging field of multipolar nanophotonics, here we develop an analytical model that provides a new insight into analyzing a magnetic dipole and a nanofiber. This method enables us to examine the effect of second term in the multipolar expansion of light-matter interaction, magnetic dipole approximation, with individual guided and radiation modes of the nanofiber. This is a critical key in developing nanophotonic integrated devices based on magnetic nature of light for super-imaging, biosensing, and optical computing.
Nanophotonics-photonic structures with subwavelength features-create unique opportunity for subwavelength control of light. Light-matter interaction-within the confined and subwavelength region of electromagnetic (EM) fields-has been explored (still being explored) within the framework of electric dipole (ED) approximation for linear and nonlinear optical processes [1] [2] [3] [4] [5] [6] [7] and has been shown to challenge conventional theories in these processes and led to unexpected experimental results 5, 7, 8 . In addition, two emerging fields of dielectric metadevices 9 and quantum optics 10 have also been greatly affected by the strong nano-scale confined light-matter interaction within the framework of ED approximation.
In the context of metadevcies, it has been shown that dielectric nanoparticles with high refractive indices can be used as the fundamental block in metadevices due to their strong magnetic responses [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] . The Mie scattering of a plane-wave from high-index dielectric nanoparticles shows series of alternative magnetic and electric resonances with an enhanced and dominant MD response. Such an enhanced magnetic response can also be achieved when an ED is placed in vicinity of a high index nanofiber 25 and nanospheres 9 . In the content of quantum optics, the interaction of quantum emitters with subwavelength waveguides has led to an emerging research field of Chiral Quantum Optics 10 , where the guided modes show strong spin-orbit angular momentum depending on the direction of the propagation. Quantum emitters with circular dipole moments can couple differently into forward and backward guided modes of a subwavelength waveguides opening avenues for development of single photon isolators, circulators and switches 10, [26] [27] [28] [29] . A common missing element in nanophotonics examples discussed above is the investigation of light-matter interaction beyond the ED approximation, i.e. examining the effect of second term in the multipolar expansion of light-matter interaction, magnetic dipole approximation [30] [31] [32] [33] . Recently, there is a great interest to understand the effect of magnetic dipole approximation for the following main reasons: (1)-atomic or molecular energy-level transitions with dominant magnetic dipole nature [34] [35] [36] , (2)-possibility to selectively excite the MD transitions 31, 37 (3)-possibility to selectively access dominant magnetic or electric responses in high index optical nanostructures 9, 25 and (4)-the existence of confined and enhanced EM fields with strong spin-orbit angular momentum in nanophotonic devices. This has led to investigation of MD response in vicinity of nanostructures such as planar structures, nanospheres and metamaterials, using Green function approach 33 . Although enhancement of an MD www.nature.com/scientificreports www.nature.com/scientificreports/ source at the vicinity of subwavelength fiber has been observed experimentally 38 , there is no analytical model to investigate the interaction of MD in the vicinity of a nanofiber.
Furthermore, the interaction of a point source and a nanofiber is conceptually significant in the field of nanophotonics since localized strong light-matter interaction in one subwavelength dimension can be interfaced with the guided modes of nanowaveguides providing read-in/read-out access to the localized interaction. This creates the urge to investigate and develop an analytical model to study the MD and nanofiber interaction, within the frame work of magnetic dipole approximation in nanofiber based devices.
Here, we develop a model to study the interaction of a MD and an optical nanofiber. While models of ED-fiber systems based on both Green function 39, 40 and field decomposition methods [41] [42] [43] [44] have been reported, here, we develop our model based on the field decomposition method since it provides a better physical insight into the coupling of a MD emission into guided and radiation modes of the system. In particular, this method allows the decomposition of the guided and radiation modes into different polarisations and propagation directions of guided modes (hybrid, TE and TM modes) and radiation modes (TE-and TM-like) of a fiber, which cannot be achieved directly by employing Green function approach 39, 40 . This method also enables us to not only calculate the ratio of spontaneous emission of a MD transition/source into fiber modes and free space (Purcell enhancement) but also identify parameters that allow higher MD emission coupling into the guided modes. This is vital in designing read-in/read-out channels in nanophotonic devices for monitoring localized interactions. As an example, monitoring the magnetic transition in NV (Nitrogen-vacancy) centers in nano-diamonds-doped within an optical fiber-has been used for remote localized magnetometry 45 .
Results
Mode decomposition method. The guided and radiation modes of a lossless ideal fiber with uniform cross section invariant along its length and uniform refractive index (no material absorption and dispersion) form a complete orthonormal base. For a fiber with radius r co (D = 2r co ) and refractive index n co surrounded by an infinite region of refractive index n cl , these modes satisfy the following orthogonality relations:
Here, e j (x, y), e ν (x, y, Q), h j (x, y), h ν (x, y, Q) are electric guided, electric radiation, magnetic guided, and magnetic radiation modal vector fields, respectively and N jν and N jν (Q) are guided and radiation normalization factors. The electric and magnetic fields of any system involving an optical fiber can be expanded based on the orthonormal base of the ideal fiber as:
in which a j , a ν (Q) are coupling coefficients for forward guided and radiation modes, respectively, β j and β ν (Q) are respectively the corresponding guided mode and continuum/radiation propagation constants, modal parameter
2 1/2 , D is the core diameter, k = 2π/λ, and BK represents the contribution of backward guided and radiation modes. Guided modes have discrete propagation constants (kn cl < β j ≤ kn co ) and are solutions to the wave equation in the step-index fiber. On the other hand propagating radiation modes span a continuum of propagation constants (0 ≤ β ν (Q) < kn cl ).
The radiation fields in Eq. (2) include two contributions; propagating radiation fields, for which 0 < Q ≤ Q max = kn cl D/2 (or 0 ≤ β ν (Q) < kn cl ) and evanescent fields, for which Q max < Q < ∞ (or Re(β) = 0; Im(β) > 0) 46 , [Chapter 25]. In our model, we only consider the propagating modes as they transmit the power along z. By finding the modal coupling coefficients, a j , a ν (Q) in Eq. (2), we can find the power coupled into each mode. The e j (x, y), e ν (x, y, Q), h j (x, y), h ν (x, y, Q) and β j can be obtained by solving the wave equation in the core and cladding region and satisfying boundary conditions 43, 46 . For the guided modes, this gives the expected step-index modal field expressions, which can be find in relevant textbooks 46 , and for radiation modes see the Supplementary Material. While Eq. (2) is valid for any system, here we consider a system that contains a MD dipole in the vicinity of an optical fiber. A system of an electric dipole-fiber has been studied in details 43, 44 and coupling coefficients of guided and radiation modes have been derived (also reported here for completeness). The theory for a magnetic dipole-fiber system is given in details in the next part and Supplementary Materials. www.nature.com/scientificreports www.nature.com/scientificreports/ Electric dipole-fiber system. It has been demonstrated that for a system consist of an electric dipole (oscillating at frequency of ω) and a fiber, the coupling coefficient into the guided and radiation modes of the system can be obtained using following equations 44 : Magnetic dipole-fiber system. A collection of magnetic dipoles lead to a magnetization M, which is defined as magnetic dipole moment per unit volume. In the case of one magnetic dipole (with a dipole moment m) oscillating at frequency ω and located at r 0 = [r 0 , θ 0 , z 0 ], the magnetization simplifies to:
Here we do not consider the line-width of the dipole emission and assume that the emission is at a single frequency ω. Assuming that all fields are oscillating in time as e −iωt , Maxwell's equations for the given system of MD dipole and nanofiber( Fig. 1) are 47 :
In order to find the coupling coefficients of dipole-fiber system, a j and a ν (Q) in Eq. (2), we use the conjugated form of reciprocity theorem 46 
In this equation E and H are the total fields of the dipole-fiber system, as defined in Eq. (2), with an associated magnetization M as defined in Eq. (4). The barred fields (E, H) correspond to fields of a particular but arbitrary guided or radiation mode j of a non absorbing fiber with no excitation (no MD source), i.e.
. The conjugated form of reciprocity theorem has been used since we only consider lossless waveguides. For highly lossy waveguides such as metallic or hybrid metallic-dielectric waveguides one needs to consider the unconjugated form of reciprocity theorem 46 [Chapter 31].
Substituting the electric and magnetic fields of perturb (MD-fiber) and non-perturb (fiber only) systems in Eq. (6) and implementing the orthogonality of the modes, Eq. (6) simplifies to: 
Considering single MD excitation Eq. (4), we find the coupling power to guided and radiation modes respectively, as: 
Consequently the total power of the system is given by:
The field decomposition method also enables us to separate the radiation modes into TE and TM like radiation modes 46 , fields with strong h z and e z components respectively. This will enable us to understand the nature of the radiations peaks and consequently to explain the overlapping of the position of the peaks with whispering gallery modes (WGM) of a disk. Moreover, the field decomposition method allows us breaking down the integration over the continuum of propagation constant of radiation modes, Eq. (10), and investigating the distribution of the power over different intervals at the vicinity of the radiation peak.
Here, we consider a linearly polarized MD excited at λ = 700 nm and located at the vicinity of a tellurite (Te) fibre, to investigate the guided, radiated and total Purcell factor (normalised power) of the hybrid system, Fig. 2 . Note that all the powers are normalized to the total power emitted by a MD in the air (P 0 = μ 0 m 2 ω 4 /12πc 3 for a MD with a moment m) 47 . As expected, we observe that the relative dipole position with respect to fiber and dipole orientation affect the Purcell factor of guided and radiated modes. In general, we observe that when MD is at core-cladding interface the total radiated power dominates the guided power, however when MD is in the center of the fiber there are diameters (^− r oriented MD) where Purcell factor of guided modes can be larger than that of radiated modes. This information will be critical in defining the desired fiber parameters in nanophotonics devices depending whether strong coupling into the guided modes or radiation modes is required.
We observe that shape and position of the peaks of the total radiated power is defined by either TE or TM radiated modes similar to ED excitation 25 . This can be explained in terms of the excitation fields. For example, a z− oriented MD on the surface of fiber (see Fig. 2(c) ) couples strongly into a mode with a large z−component magnetic field (maximum projection see Eq. (9b)); thus it mainly couples into TE radiated modes of the fiber (H r , E φ , H z ). We also witness that the positions of these radiation peaks overlap with the position of the fundamental TM whispering gallery mode (TM-WGM) resonances (red triangles in Fig. 2e ) of a two-dimensional (2D) microdisk calculated independently by solving Maxwell's equations for a diameter equal to that of the fiber 25, 44 . The TM-WGMs are modes that propagate in φ direction and have no magnetic field component in that direction (non-zero fields are: H r , E φ , H z ). The CST numerical simulation also validates almost similar enhancement (the red asterisks in Fig. 2(e) ) observed by analytical model for the total power and the formation of WGMs in the fiber cross-section (discussed later and shown in inset of Fig. 5) . Similarly, r−or φ −oriented MD on the surface of the fiber (see Fig. 2(c,d) ) mainly couples into TM radiated modes of the fiber (mode with only transverse magnetic component), and the positions of the peaks overlap with the positions of the fundamental TE whispering gallery mode (TE-WGM) resonances (blue triangles in Fig. 2(c,d) ) of a microdisk. We notice that the Purcell enhancement of total/radiation power increases and the peaks get narrower for larger fiber diameters. This trend is consistent with the WGM resonances of a microdisk, i.e. for larger diameter the resonances get stronger and narrower 44 . In general, the Purcell enhancement of an ED near the fiber is stronger than that of a MD 25 . Comparing the radiated Purcell enhancement (Fig. 3) at the position of the first peak for similar orientations reveals that the first peak of a r−, φ− or z−oriented ED is more than 9, 1.5 or 3 times stronger than that of same oriented MD near the fiber. However, the enhancement for a φ−oriented MD near the fiber dominates that of a φ−oriented ED when the diameter of the fiber is smaller than 200 nm (D/λ < 0.28). This is due to preferential coupling of a φ−oriented MD to TM like radiated modes.
The MD-fiber system behaves differently, when the dipole is in the center of the fiber. There are fiber diameters, at which the Purcell factor of guided modes are equal or larger than that of radiated modes (Fig. 2(a,b) ). Note that because of symmetry there is no distinction between r and φ orientations when the MD is in the center of the fiber. Hence we opt to only display the r direction outputs. Similar to when a MD is positioned on the fiber surface, the shape and position of the peaks of the total radiated power are defined by either TE or TM radiated (2019) 9:3568 | https://doi.org/10.1038/s41598-018-38115-z www.nature.com/scientificreports www.nature.com/scientificreports/ modes, which can be explained in terms of the excitation fields. Note that a zˆ−oriented MD (Fig. 2(b) ) only couples into the TE radiated modes since this is the only mode that has non-zero z−component magnetic field. The distinctive features of the peaks for MD in the center of the fiber are the descent in Purcell factor with the diameter increase, the wider separation between them and the excitation of higher order radial modes of TM 0,m and Figure 2 . Purcell factor of a MD and Te fiber system (n co = 2.025): TE (red), TM (blue) and total (magenta) radiated power, guided power (green) and total power (in black). Two configurations are considered: MD at the center of the fiber, (a,b), and MD at the core-cladding interface, (c-e). For each configuration three different orientations (r, φ, and ẑ) are analyzed. Note that for the MD in the core configuration the plot for φ is omitted as there is no distinction between r and φ orientations. All the powers are normalized to the total power emitted by a MD in the air. The triangles demonstrate the WGM peak positions (TE WGM in blue and TM WGM is red) of a 2D Te disk and the red asterisks, which represents the normalised total power of the system, are calculated using numerical simulation.
www.nature.com/scientificreports www.nature.com/scientificreports/ . As a result, higher order radial modes that are usually much smaller in comparison with higher order azimuthal modes appear in the spectrum. This explains why the position of the peaks (Fig. 2(a,b) ) in these cases overlap with higher order radial modes of TE 1,m and TM 0,m WGMs. It also explains the wider separation of the peaks and their reduced Purcell factor-as core diameter increases-since the overlap of the fields of the MD and higher order radial modes decreases.
We observe that increasing the refractive index of the fiber (in this case to silicon, Si) increases the Purcell factor of the magnetic dipole (see Fig. 4 ), which is congruent with enhancement of ED and MD Purcell factors at the vicinity of high permittivity nanoparticles 33, 43 . There are a few factors contributing into this enhancement as follows. Increasing the refractive index of the fiber leads into tighter confinement of the guided modes and enhancement of field intensity at the core-cladding interface 48 . Higher refractive index also leads into small mode volumes and higher quality factor whispering gallery modes 49 . As a consequence, higher Purcell factor can be achieved. Note that changing the host material of the fiber to higher permittivity results into the blue shift and densening of resonances (Fig. 4) . We also observe that the Purcell factor of guided mode can be greater than that of the radiated modes when the host material of the fiber has high permittivity. This is specifically more prominence for a z−oriented MD at the core-cladding interface (Fig. 4(a) ) and a r−oriented MD in the center of the fiber (Fig. 4(e) ). The radiation peaks have dominant TE or TM radiated modes contribution similar to Te fiber case, which can be explained in terms of the excitation fields.
A careful examination of the total radiated power reveals that the peaks have asymmetric profiles. The first a few peaks have steeper trailing edge compared to their leading edge, while, this becomes opposite (steeper leading edge compared to their trailing edges) for the rest of the peaks. This can be explained by breaking down the radiated power into small intervals of β(Q)/k. As discussed earlier, the total radiated power is calculated by integrating over the propagating radiated power density from 0 to Q max , Eq. (10), which for air cladding fiber is associated with
The β(Q) is the propagation constant of radiated modes along the z-direction. The radiation power with values of β(Q) → 0 are completely contained within the transverse plane, while with values of Q k 0 ( ) β < ≤ consist of non-transverse radiation mode, known as skew modes. To explain the different asymmetries observed in the radiation peaks, we break down the total radiated power into small intervals of β(Q)/k = 0.1 (here after called as β bins) for the first and sixth peaks (in Fig. 4(c) ) of a r−oriented MD located at the interface of a Si-fiber as shown in Fig. 5(a,b) , respectively. Overall, as expected, the total radiation peaks are the envelopes of underlying radiation peaks with different β bins, i.e. radiation modes propagating with different z−component wavevector. Moreover, the position of the peaks (vertical dotted black line that overlaps with TE-WGMs for higher order peaks and is slightly shifted for the first peaks) are mainly due to the contribution of radiation power associated with the close to zero bins of β. We observe that lower β bins have higher peaks for higher order radiation peaks (Fig. 5(b) ), while the height of the β bins peaks are at a similar range for the first radiation peak (Fig. 5(a) ). The main distinction between two peaks in Fig. 5 becomes apparent for higher β bin values, i.e. the shift of the curves to opposite directions, which explains the difference between leading and trailing edges of radiation peaks. The curves associated with higher β bin values are broader and are responsible for the asymmetry profile of the overall peak. This is consistent with the asymmetry observed due to existence of the skew rays using Green tensor formalism in a circular dielectric waveguide 40 .
As indicated earlier, the radiations peaks become narrower and higher as the diameter of the fiber increases for a MD on the surface of the fiber. We observe that for larger diameters, a smaller range of the β bin contributes into radiation peaks. This indicates that these peaks have a very small contribution from non-transverse propagating modes (skew modes) and is almost purely radiating in the transverse plane. At the resonance, the radiation is localized within a transverse plane normal to the fiber axis and at the position of the dipole and we observe the formation of WGM in the core cross section, as shown in the inset of Fig. 5(b) , while this is not the case away from the resonance. This is similar to ED-fiber system where a self-formed cavity appears for higher Figure 3 . Purcell factor of total radiated power from a hybrid system consist of a MD/ED and a Te fiber (n co = 2.025): when dipole source is oriented along r (red), φ (blue), and ẑ (black).
www.nature.com/scientificreports www.nature.com/scientificreports/ order radiation modes 44 or the case of a dielectric planar microcavity in which a localized mode forms in spite of no lateral confinement 50 . In summary, we have presented a full-vectorial model of the radiation of a magnetic dipole (MD) in the vicinity of a nanofiber. Using a field decomposition method, we have provided insight into the coupling of a linearly polarized MD emission into guided and radiated modes of a step-index optical fiber. The field decomposition method has enabled us to identify diameters/wavelengths, where the emission power-either collected by guided modes or radiated by the fiber-can be larger than the total power emitted by a MD source. This is a key information in designing fiber based nanophotonic devices, e.g. nanoantenna, nanolasers, and read-in/read-out access Figure 4 . Purcell factor of a hybrid system consist of a MD and a Si fiber (n co = 3.778): the total radiated (magenta) and guided (green) powers. Two configurations are considered: MD at the center of the fiber, (a,b), and MD at the core-cladding interface, (c-e). For each configuration three different orientations (r, φ, and zˆ) are analyzed. Note that for the MD in the core configuration the plot for φ is omitted as there is no distinction between r and φ orientations. All the powers are normalized to the total power emitted by a MD in the air. The triangles demonstrate the WGM peak positions (TE WGM in blue and TM WGM is red) of a 2D Si disk.
www.nature.com/scientificreports www.nature.com/scientificreports/ waveguides for quantum signal processing. This versatile approach has also allowed us to determine the power distribution among different traveling waves that constitute the overall radiated power and hence explain the asymmetric profile of the radiated peaks. Note that the radiated peaks have been obtained for lossless fibers and hence their Q-factors are purely due to radiation process. The effect of fiber material loss (α m ) on degradation of the Q-factors of the peaks can be included by modifying 1/Q with 1/Q + 1/Q m , where Q m = 2πn/λα m is the Q-factor due to material loss 51 . As a future work, using our approach, one is able to investigate the potential asymmetry in the power distribution of a MD-fiber system into forward and backward guided and radiated modes due to chiral properties of modes of a nanofiber.
Methods
Numerical analysis is performed using CST Microwave Studio. The CST numerical simulation has been used to validate the in-house developed codes of our proposed analytical-numerical approach. Two different solver modules are used, time domain solver based on finite integration technique and frequency domain solver based on finite element method. Two different MD sources operating at 700 nm are considered, CST macro magnetic dipole source and a sub-wavelength loop excited by a current source. The former is a small flat patch that only works with time domain solver and the later is an eight nanometer loop excited by a current source that works with both solvers. Both sources can be used when dipole is either inside or outside the fiber. However, the source should be chosen carefully, when the MD source is at the core-cladding interface. Although dipole sources are considered point sources, they have physical area. In order to get consistent results, the physical area of the source should completely be in the cladding medium for the case of dipole on the interface. This is achieved by using the CST macro (flat patch) when the MD source is aligned in either φ−or z−directions, and the sub-wavelength loop when the MD source is aligned in r−direction.
The system under study (MD source and fiber) is constructed so that the fiber was along z−direction and the center of the fiber is at the center of coordinates (see Fig. 1 ). The MD source is replaced on the fiber interface on x−axis. CST open boundary conditions (a perfectly matched layer with minimum reflection) is used in the z−direction to represent infinitely long fiber. Two spherical shells with radius of half and quarter of fiber length, which are concentric with fiber, are considered for calculating the total power emitted from the system. Two simulations are conducted, MD-fiber coupled system and MD only (where the fiber is replaced by air). The simulations are repeated for four fiber lengths (3, 4, 5 and 6 μm) and we observe that the calculated Purcell factors are almost similar. The data represented is the averaged total power integrated on the spherical shells and different fiber lengths. 
